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Optimum Design of Multiple-Constraint-Layered Systems
for Vibration Control
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An analytical formulation is presented for predicting the stiffness and damping of constrained layered beams
that have multiple viscoelastic damping layers. A model is derived for symmetrical setups using variational meth-
ods. The equations to evaluate the stiffness and damping are derived in closed form and can be evaluated for
different boundary conditions. The complex modulus approach is used to model the elastic and shear moduli of
the viscoelastic material. A parametric analysis has been conducted to study the effects of different parameters on
the damping and stiffness of the system under simply supported boundary conditions. The optimization process
to obtain structural and material parameters maximizing system damping for a given temperature and frequency
range is also presented.

Nomenclature
E = Young’s modulus of the constraining layer
Ec = complex modulus of the viscoelastic material
G = shear modulus of the constraining material
Gc = complex shear modulus of the viscoelastic material
h = layer thickness
L = length of the beam
M = system mass
Qi j = element of the transformed reduced stiffness matrix
u = longitudinal displacement of a point in the neutral plane

of a layer
w = transverse displacement of a point in the neutral plane

of a layer
wi = imaginary part of the natural frequency
wr = real part of the natural frequency
Zk = distance from the point in the kth layer to the neutral axis

of the layer
ε = normal strain
η = loss factor of the mulitlayered system
ηc = loss factor of the viscoelastic material
ρ = material density
φ = slope of transverse displacement
ψ = shear strain in the viscoelastic material
ω = frequency of vibration, rad/s

Introduction

I N machines and structures subjected to dynamic loadings, vibra-
tions often induce serious problems leading to material fatigue,

noise, and other failures. Therefore, its reduction or elimination is
crucial in the design and utilization of these devices. One approach
to eliminating or reducing the problems caused by vibrations is
the application of passive damping treatment in the structure. Pas-
sive damping methods involve the application of soft, viscoelastic
materials (VEM). These materials can either be designed into the
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structure or added later, after the design process is completed. The
maximization of the structure’s damping is directly connected to
the selection of certain design parameters. A system’s damping is a
function of the steady-state frequency of vibration and the damping
parameters within the structure. To predict and prevent vibrations,
these parameters have to be calculated, modeled, measured, or in a
broader sense, assumed. In the past, the most investigated structure
has been a three-layered beam. Usually, this structure consists of a
basic layer, a viscoelastic damping layer, and a relatively stiff con-
straining layer. Owing to its physical appearance, it is often referred
to as a “sandwich beam.”

Constrained-layer damping treatments are among the most effi-
cient methods of introducing damping into a structure. When the
whole multilayered beam is subjected to cyclic bending, the damp-
ing layer is primarily subjected to shear strain due to the relatively
stiff constraining layer on top and causes friction between the long-
chain molecules of the damping material. Therefore energy dissi-
pation occurs in each bending cycle and results in a smaller vibra-
tion amplitude. A multiple-layered beam can be assembled by tak-
ing more than one damping–constraining layer combination. These
multilayered beams are referred to as multiple-constraint-layered
systems.

Numerous researchers have successfully implemented the passive
constrained layer (PCL) and the active constrained layer (ACL). In
1959, Kerwin1 and Ross et al.2 presented a general analysis of a
VEM structure. The damping is attributed to extensional and shear
deformations of the viscoelastic layers. They applied this theory
to a number of practical damping treatments. The experimental
data for different treatments confirmed the theory. In the 1960s,
researchers extended Kerwin’s work on the Ross–Kerwin–Ungar
basic assumptions. Diraranto3 developed sixth-order equations of
motion in terms of axial displacements and the closed-form solution.
Mead and Markus4,5 developed sixth-order equations of motion for
transverse displacement, which was then applied to certain bound-
ary conditions. The energy method has been applied to many types
of problems. Rao6 presented the equations of motion and boundary
conditions using the energy method. He solved the equations nu-
merically and presented a practical design guideline. Similarly to
Rao’s theory, Cottle7 used Hamilton’s principle to derive equations
of motion.

The damping of the treatment could be increased by adding a
passive stand-off layer (PSOL) and a slotted stand-off layer (SSOL)
to the layered systems. This point was first proposed in 1959. Many
researchers have studied these systems in recent years. Falugi8 and
Parin et al.9 conducted theoretical and experimental work on a
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four-layered panel and a five-layered beam with a PSOL treatment.
Rogers and Parin10 and Yellin et al.11 have performed experimen-
tal investigations and demonstrated that PSOL treatment increased
damping significantly in aeronautical structures and beams. Yellin
et al.12 and Yellin and Shen13 developed normalized equations of
motion for beams, fully treated with PSOL using a nonideal-stand-
off-layer assumption. The equations were solved using the method
of distributed transfer functions.14 The experimental data confirmed
the theory. The intracell boundary conditions15 were used to con-
struct a transfer matrix of basic unit cells. Singh and Gupta16 studied
the damped–free vibrations of composite cylindrical shells using the
first-order shear deformation theories.

The concept of PCL treatment has been applied to engineering
design and optimization of many practical dynamic structures. The
finite element method has been used for both unconstrained and
constrained damping in complex cases to determine optimum loca-
tions and thickness of additive damping and sensitivity of damping
layers in partial coverage cases.17,18 A multiparameter optimization
study was carried out to achieve a dynamically optimal configura-
tion of viscoelastic layered systems.19 Lunden20 proposed that op-
timum distribution of unconstrained distributed damping on beams
and frames reduces the response for the same weight or cost of ad-
ditive treatment. The objective was to minimize resonant vibration
subject to constraints on the weight or cost of the additive damp-
ing. The primary optimum objectives of the study done by Lall et
al.21 were loss-factor and displacement-response optimization with
design variables such as the layer material densities, thickness, and
temperature. For optimization studies of a partially covered plate
with constrained VEM, the objective function is to maximize the
system loss factor, with design parameters such as position and di-
mension, while restricting the patch coverage area.19 The genetic
algorithm approach was also used for the optimization design of a
cantilever sandwich plate; the objective was to maximize the twist in
the desired direction while minimizing the weight of the structure.22

The objective of this research was to develop an analytical model
to study the vibration and damping of multiple-layered beam sys-

a) b)

Fig. 1 Constrained system setup with a) 2n −− 1 and b) 2n viscoelastic layers.

tems that have an arbitrary number of viscoelastic layers. The ef-
fects of different factors, such as temperature, number of layers,
and thickness of different materials were investigated using the de-
veloped model and numerical methods. An optimization scheme
considering damping, weight, natural frequency, layer number, and
thickness is also presented in this paper.

Derivation of the Governing Equations
General Formulation for Layered Systems

For the general case of a layered system, one has to distinguish
between systems that have their neutral axis on an elastic layer,
and symmetric systems that have their neutral axis on a viscoelastic
layer. Hence, the general solution must be stated in two different
equations, depending on the layer setup of the system.

Composite System with 2n − 1 Viscoelastic Layers
A system with 2n − 1 viscoelastic layers is considered first. This

system has a unit width, a thickness Hn of the nth constrained layer,
and an nth viscoelastic layer thickness of Hcn . For 2n − 1 viscoelas-
tic layers, the neutral plane of the composite beam is situated in
a viscoelastic layer as shown in Fig. 1a. The beam is considered
to be symmetric, implying that the properties of layers having the
same distance from the composite beam neutral axis are assumed to
be identical (H1 = H2n, . . . , and E1 = E2n). The following assump-
tions are made when the equations are derived:

1) The composite beam has a unit width, 2n − 1 damping layers,
and 2n laminates (stiff elastic layers). It is symmetric with respect
to the middle plane (xy) of the nth damping layer.

2) It is assumed that normal sections in each layer remain planar
and continuous before and after deformations and there is no slip at
the interfaces.

3) The deformations account for extension and transverse shear
deformations in damping layers and only extension deformations in
stiff elastic layers.

4) Transverse displacement is the same for every layer of the
composite beam, and only the transverse directional inertia of the
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composite beam is dominant, with longitudinal and rotary inertia of
the beam negligible.

5) In the current research, it is assumed that the damping oc-
curs mainly through the shear strain in the viscoelastic layer, and
the complex modulus approach is used to represent both the exten-
sional and shear moduli of the viscoelastic material. This causes the
eigenvalues of the system to be complex and, generally, numerical
techniques are needed to obtain the system modal-loss factors and
resonance frequencies.

Because the bending of the beam is assumed to be uniform in
all constraining layers (φ = constant), shear angles of viscoelastic
layers having the same distance to the composite-beam neutral plane
are assumed to be identical; that is,

ψ1 = ψ2n − 1, ψ2 = ψ2n − 2, . . . , ψn − 1 = ψn + 1

The longitudinal displacement uk in an elastic layer can be expressed
in geometrical terms. The considered kth layer is positioned in the
lower half of the symmetric beam. By doing so for any kth layer, it
can be found that

uk = u0 − Hcn

2

(
∂w

∂x
− ψn

)
− ∂w

∂x
Hn −

(
∂w

∂x
− ψn − 1

)
Hc(n − 1)

− ∂w

∂x
Hn − 1 − · · · −

(
∂w

∂x
− ψk

)
Hck − ∂w

∂x

Hk

2
− Zk

∂w

∂x

k = 1, 2, . . . , n (1)

Here u0 is the longitudinal displacement of a point in the neutral
plane of the beam. A variable Dk is introduced as the distance be-
tween the middle plane of the kth constrained layer and the neutral
plane of the composite beam:

Dk = Hcn/2 + Hn + Hc(n − 1) + Hn − 1 + · · · + Hck + Hk/2,

k = 1, . . . , n − 1 (2)

Assuming u0 = 0, using the expression for Dk in Eq. (1), we get

uk = −Dk
∂w

∂x
+ Hcn

2
ψn +

n − 1∑
i = k

Hciψi − Zk
∂w

∂x
,

k = 1, 2, . . . , n − 1 (3)

In a similar way, the longitudinal displacement of the kth vis-
coelastic layer can be expressed in geometrical terms as

uc
k = u0 − Hcn

2

(
∂w

∂x
− ψn

)
− ∂w

∂x
Hn −

(
∂w

∂x
− ψn − 1

)
Hc(n − 1)

− ∂w

∂x
Hn − 1 − · · · −

(
∂w

∂x
− ψk

)
Hck

2
− ∂w

∂x
Hk + 1

− Zk

(
∂w

∂x
− ψk

)
(4)

Here, Dck is the distance between the middle plane of the kth vis-
coelastic layer and the neutral plane of the composite beam:

Dck = Hcn

2
+ Hck

2
+

n∑
i = k + 1

Hi +
n − 1∑

i = k + 1

Hci

k = 1, 2, . . . , n − 2 (5)

Using u0 = 0, and using the expression for Dck in Eq. (4), we get

uc
k = −Dck

∂w

∂x
+ Hcn

2
ψn +

n − 1∑
i = k + 1

Hciψi + Hck

2
ψk

− Zk

(
∂w

∂x
− ψk

)
, k = 1, 2, . . . , n − 2 (6)

Through the given displacement description, the longitudinal strain
of the composite beam εk can be determined. For the kth elastic
layer, it can be expressed as

εk = −Dk
∂2w

∂x2
+ Hcn

2
ψ ′

n +
n − 1∑
i = k

Hciψ
′
i − Zk

∂2w

∂x2

k = 1, 2, . . . , n − 1 (7)

The strain of the kth viscoelastic layer can be shown as

εkc = −Dck
∂2w

∂x2
+ Hcn

2
ψ ′

n +
n − 1∑

i = k + 1

Hciψ
′
i + Hck

2
ψ ′

k

− Zk

(
∂2w

∂x2
− ψ ′

k

)
, k = 1, 2, . . . , n − 2 (8)

Since ψ k
zx = εk

z = 0, applying the stress–strain relation gives


σ k
x

σ k
z

τ k
xz


 =


Q11 Q12 0

Q12 Q22 0

0 0 Q55







εk
x

εk
z

ψ k
xz


 (9)

where Qk
i j is the normal or shear modulus of elasticity.

The stress–strain relation can be reduced and the strain energy
density of the kth layer is expressed by

U k
o = 1

2 Eε2
k (10)

The total strain energy of the elastic layers is given by

Ue = 2
n∑

k = 1

Uk = 2
n∑

k = 1

∫ L

0

∫ Hk/2

−(Hk/2)

U k
o dz dx (11)

Applying the stress–strain relation for the viscoelastic layer gives




σ k
xc

σ k
yc

σ k
zc

τ k
yzc

τ k
xzc

τ k
xyc




=




Q11c Q12c Q13c 0 0 0

Q12c Q22c Q23c 0 0 0

Q13c Q23c Q33c 0 0 0

0 0 0 Q44c 0 0

0 0 0 0 Q55c 0

0 0 0 0 0 Q66c







εk
xc

εk
yc

εk
zc

ψ k
yzc

ψ k
xzc

ψ k
xyc




(12)

where the Qk
i jc is the normal or shear modulus of the viscoelastic

material.
Since σ k

yc = σ k
zc = τ k

yzc = τ k
xyc = 0, the stress–strain relation can be

reduced to (
σ k

xc

τ k
xzc

)
=

[
Q11c 0

0 Q55c

](
εk

xc

ψ k
xzc

)
(13)

The strain energy density of the kth viscoelastic layer is given by

U k
oc = 1

2 Ecε
2
ck + 1

2 Gcψ
2
k (14)

Thus, the strain energy of the kth damping layer can be integrated
by

U k
c =

∫ L

0

∫ Hck/2

−(Hck/2)

U k
oc dz dx (15)

The total strain energy contributed by viscoelastic layers is given by

Uc = U n
c + 2

n − 1∑
k = 1

U k
c (16)
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The kinetic energy can be written in terms of the transverse deflec-
tions as

T = 1

2

∫ L

0

M

(
∂w

∂t

)2

dx (17)

where

M = ρn
c H n

c + 2ρn H n + 2
n − 1∑
k = 1

(
ρk H k + ρk

c H k
c

)

where ρ is the density of different materials. The work done by the
external distribution load q(x , t) can be written as

W =
∫ L

0

q(x, t)w(x, t) dx (18)

The total strain energy of the system can be expressed by

U = Ue + Uc (19)

Thus, the system differential equations of motion can be derived by
the application of Hamilton’s principle

δ

∫ t2

t1

(T − U + W ) dt = 0 (20)

Let

∫ L

0

F dx = T − U + W = T − (Ue + Uc) +
∫ L

0

qw dx (21)

Hamilton’s principle gives

δ

∫ t2

t1

(T − U + W ) dt = δ

∫ t2

t1

∫ L

0

F dx dt (22)

By the principles of the calculus of variations, the equations of
motion are given by

∂2

∂x2

(
∂ F

∂w′′

)
− ∂

∂t

(
∂ F

∂ẇ

)
+ ∂ F

∂w
= 0

∂ F

∂ψk
− ∂

∂x

(
∂ F

∂ψ ′
k

)
= 0 (23)

where

k = 1, 2, . . . , n

The boundary conditions can also be obtained as

∂ F

∂w′′ δw
′
∣∣∣∣

L

0

= 0,
∂

∂x

(
∂ F

∂w′′

)
δw

∣∣∣∣
L

0

= 0,
∂ F

∂ψ ′
k

δψk

∣∣∣∣
L

0

= 0

(24)

After rearrangement of formulations, we get

∂

∂x2

(
∂ F

∂w′′

)
, − ∂

∂t

(
∂ F

∂ẇ

)
,

∂ F

∂w

∂ F

∂ψk
, − ∂

∂x

(
∂ F

∂ψ ′
k

)
(25)

Using these in Eq. (23), the governing equations of motion of the
system can be obtained as

Dxw
′′′′ +

n∑
i = 1

DDiψ
′′′
i + Mẅ = 0

Dx jw
′′′ +

n∑
i = 1

D jiψ
′′
i + Dyjψ j = 0 (26)

where

j = 1, 2, . . . , n

The variables Dx , DDi , Dx j , D ji , and Dyj are the coefficients of
the equations.

Composite System with 2n Viscoelastic Layers
For the case of a composite system with 2n viscoelastic layers,

the neutral plane of the composite beam will be in a constrained
layer, as shown in Fig. 1b. The system is again considered to have
unit width with thickness Hn for the nth constraint layer and Hcn for
the nth viscoelastic layer. The system is assumed to be symmetric;
therefore the properties are assumed to be identical for layers having
the same distance to the composite system’s neutral plane. The shear
angles are once more assumed to be identical for layers having the
same distance to the neutral plane. Therefore,

ψ1 = ψ2n, ψ2 = ψ2n − 1, . . . , ψn = ψn + 1

Evaluating the longitudinal displacement of the kth elastic layer
situated in the lower half of the system yields

uk = u0 − Hn + 1

2

(
∂w

∂x

)
−

(
∂w

∂x
− ψn

)
Hcn −

(
∂w

∂x

)
Hn − · · ·

−
(

∂w

∂x
− ψk

)
Hck − ∂w

∂x

Hk

2
− Zk

∂w

∂x
, k = 1, 2, . . . , n

(27)

According to Eq. (27), the distance Dk between the middle plane
of the kth constraining layer and the neutral plane of the system is
found to be

Dk = Hn + 1

2
+

n∑
i = k

Hci +
n∑

i = k + 1

Hi , k = 1, 2, . . . , n − 1

(28)

Noting that u0 = 0 and substituting the variable Dk into the longi-
tudinal displacement equation, one finds

uk = −Dk
∂w

∂x
+

n∑
i = k

(Hciψi ) − Zk
∂w

∂x
(29)

Dck is the distance between the middle plane of the kth viscoelas-
tic layer and the neutral plane of the composite beam,

Dck = Hn + 1

2
+ Hck

2
+

n∑
i = k + 1

(Hi + Hci ) (30)

The longitudinal displacement of the kth viscoelastic layer can
be found to be

uc
k = −Dck

∂w

∂x
+

n∑
i = k + 1

(Hciψi ) + Hck

2
ψk − Zk

(
∂w

∂x
− ψk

)

k = 1, 2, . . . , n − 1 (31)



2452 HAO, RAO, AND SCHABUS

As before, when the stress–strain relation is applied, the total
strain energy of the elastic layers is given by

Ue = 2
n∑

k = 1

Uk + Un + 1 (32)

By applying the stress–strain relation to the viscoelastic layers,
the total strain energy of the viscoelastic layers is found to be

Uc = 2
n∑

k = 1

U k
c (33)

The kinetic energy and the work done by the external distribution
load have the same expressions as in the previous 2n − 1 layer case.
Applying Hamilton’s principle yields equations of motion similar
to those in Eq. (26).

Solution Scheme
To find the loss factors and resonance frequencies of the multi-

layered system, a MATLAB program was developed that evaluates
the complex stiffness of the considered system using the equations
developed here. For the case of a simply supported composite beam
under harmonic vibration, the comparison functions can be given by

W =
∞∑

k = 1

Ak sin

(
kπx

L

)
eiwt (34)

ψi =
∞∑

k = 1

Bik cos

(
kπx

L

)
eiwt (35)

Considering the first m modes of vibration, using Eqs. (34) and
(35) in Eq. (26), the following equations can be obtained after
rearrangement:




Dx

(
mπ

L

)4

− Mw2 DD1

(
mπ

L

)3

. . . DDi

(
mπ

L

)3

. . . DDn

(
mπ

L

)3

Dx1

(
mπ

L

)3

D11

(
mπ

L

)2

− Dy1 . . . DD1i

(
mπ

L

)2

. . . DD1n

(
mπ

L

)2

Dx2

(
mπ

L

)3

D21

(
mπ

L

)2

. . .

...

Dxi

(
mπ

L

)3

Di1

(
mπ

L

)2

. . . DDii

(
mπ

L

)2

− Dyi . . . DDin

(
mπ

L

)2

...

Dxn

(
mπ

L

)3

Dn1

(
mπ

L

)2

. . . DDni

(
mπ

L

)2

. . . DDnn

(
mπ

L

)2

− Dyn







Am

B1m

B2m
...

Bnm




=




0

0

0
...

0




Rewriting, we get



k11 − Mw2 k12 . . . k1i . . . k1n

k12 k22 . . . k2i . . . k2n

k13 k23 . . .
...

k1i k2i . . . kii . . . kin

...

k1n k2n . . . kin . . . knn







Am

B1m

B2m

...

Bnm




=




0

0

0
...

0




(36)

The determinant of the coefficient matrix should be zero for a non-
trivial solution:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

k11 − Mw2 k12 . . . k1i . . . k1n

k12 k22 . . . k2i . . . k2n

k13 k23 . . .
...

k1i k2i . . . kii . . . kin

...
k1n k2n . . . kin . . . knn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0 (37)

This is rewritten as

k11 +
∑n + 1

j = 2 k1 j�k1 j

�k11
− w2 M = 0 (38)

The study of the system resonance frequencies ω and modal loss
factors η are our primary interest here. Hence, it is appropriate to
assume that the layered beam system is under harmonic vibration
with the complex resonance frequency ω2 = ω2

r (1 + iη). It has been
shown in Ref. 4 that a special class of complex modes exist when
the system is externally excited by specific “damped loads,” which
are also complex and which are proportional to the local inertia
loadings of the mode. When the equation is solved, the damped
complex resonance frequency is found to be

ω2 = k11 +
∑n + 1

j = 2 k1 j�k1 j

�k11

/
M (39)

w2
r = Re(ω2), w2

I = Im(ω2) (40)

Hence, the resonance frequency wr and loss factor η can be
calculated for each mode:

wr =
√

Re(ω2) (41)

η = Im(ω2)

Re(ω2)
(42)

The loss factor is evaluated as the ratio of the imaginary to the real
part of the square of the system’s complex natural frequency.

The material properties of the damping layer and their frequency
and temperature dependence are needed as inputs to the program.
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Considerable research is being carried out in the area of analyti-
cal modeling of frequency and temperature effects on the damping
and modulus of viscoelastic materials. Although data on the shear
modulus and loss factor of damping materials corresponding to a
frequency and temperature are available in the data sheets supplied
by the manufacturers, these data are not useful here because we do
not know the resonant frequencies of the system. However, based on
the experimental data and curve-fitting, some formulas are available
to find the values of Ec, Gc, and ηc corresponding to a frequency
and a temperature. The empirical formulas given in He and Rao’s
paper23 are used in this study.

In the numerical approach, however, the frequency is needed at the
very beginning to evaluate the properties of the viscoelastic material
because these properties are frequency- and temperature-dependent.
Therefore, an iterative process needs to be developed. To do so, an
approximate natural frequency is first determined for a reference
beam having the same overall geometrical setup as the considered
multilayered system and having the same Young’s modulus as the
first elastic layer. Assuming boundary conditions, length, and mode
number, the approximate natural frequency can be determined. This
determined natural frequency is then put back to calculate the exact
natural frequency of the multilayer system. Since the frequencies
should be identical, the initial value is compared to the new value.
This process is repeated until the difference between the two values
is smaller than 5%. This process needs to be repeated in the desired
temperature range a number of times to obtain the damping and
natural frequencies within that range.

The solution scheme used here is the classical Ritz method. It
is fairly easy for the simply supported boundary conditions, but it
is rather lengthy and tedious for other boundary conditions. The
accuracy and convergence of the solution depend on the chosen
functions. The Lagrange multiplier method can be used to solve the
problem for any other boundary conditions. The assumed deflec-
tion function need not satisfy all the boundary conditions. Those
unsatisfied boundary conditions can be imposed as constraints us-
ing Lagrange multipliers. Then, some simple deflection functions
can be used to make the expression and solution simpler.24

Comparison with Mead’s Equation
For a three-layer system, the equations of motion become

Dxw
(4) + DD1ψ

(3)

1 + Mẅ = 0 (43)

Dx1w
(3) + D11ψ

(2)

1 + Dy1ψ1 = 0 (44)

The variables Dx , DD1, Dx1, D11, and Dy1 are the coefficients of
the equations for a three-layer system.

Let

k = (D11 Dx − DD1 Dx1)/Dy1 (45)

From Eqs. (43) and (44), after the rearrangement of formulations,
we get

w(6) + Dx

k
w(4) + D11 M

Dy1k
ẅ(2) + M

k
ẅ = 0 (46)

When the effect of extension deformations in damping layers is
neglected, the assumption of this will be exactly the same as in
Mead’s work (see Ref. 4). The equation becomes

w(6) + 2Gc

[
h2 + 3(hc + h)2

]
Ehch3

w(4) + 6M

Eh3
ẅ(2) + 12Gc M

E2hch4
ẅ = 0

(47)

If the applied load term is not considered, Eq. (47) is exactly the
same as Mead’s equation.

Optimum Structure Design
An optimum design analysis is carried out for a multilayer sys-

tem. Two parts are considered in this multiobjective optimization
problem. The first objective is to maximize the modal loss factor;
the second is the minimization of the total mass of the system. Both
of the objectives are subjected to constraints on design variables
and other requirements such as mass, thickness, temperature, and
frequency range. In this way, it is easy to find the optimum config-
uration including layer thickness, layer number, and material in a
required range. The optimization problem will thus be formulated
to minimize the function

F(hi , hci ) = M − C × η (48)

where M is the mass of the system, and C is a constant.
The constraints imposed are as follows: Ml ≤ M ≤ Mu ; Ml and

Mu are the lower and upper bounds, respectively; fl ≤ f ≤ fu ; Nat-
ural frequency should be in the required range. Here f is the modal
natural frequency, and fl and fu are the lower and upper bounds,
respectively; hl ≤ hi ≤ hu ; hi is the thickness of the i th elastic layer,
and hl and hu are the lower and upper bounds of the thickness,
respectively; and hcl ≤ hc ≤ hcu; hc is the thickness of the i th vis-
coelastic layer, and hcl and hcu are the lower and upper bounds of
the thickness, respectively.

Numerical Results Analysis
This section presents the results determined by investigating dif-

ferent system setups using the developed MATLAB program. Spe-
cific setups are assumed, the program is run, and the results are
presented and discussed.

Effects of Multiple Layers
The temperature is the most important single factor influencing

the characteristics of the viscoelastic damping material and there-
fore the performance of the assembled multiple layered system. By
examining the natural frequency equation, it can be seen that the
temperature affects the Young’s modulus and the shear modulus of
the viscoelastic layers and therefore the damping of the assembled
system. This effect is due to the change in the physical properties
of the viscoelastic materials with temperature. Typical variations of
the damping and stiffness of viscoelastic materials with temperature
can be found in standard textbooks.25

The best damping performance is achieved when the damping
material operates near its transition region. This is a result of lower
forces that cause a rearrangement of physical bonds in the viscoelas-
tic material in each bending cycle. This rearrangement can be in-
terpreted as friction on a molecular level that transforms energy of
motion to heat energy.

The damping capacity strongly depends on the thickness of the
viscoelastic material within the layered system. Hence, when the
number of layers is increased, an increase in the loss factor is ex-
pected due to more damping material in the system. The variation
of the loss factor and stiffness of different systems with temperature
for the first three modes is shown in Fig. 2. Here for each successive
case, a new damping and constraining layer was added to the system,
leading to analysis for three, five, seven, and finally nine layers. The
system had a uniform steel layer thickness of 1 mm and a uniform
viscoelastic layer thickness of 0.8 mm, and the viscoelastic damping
material chosen was the 3M-ISD110. The beam length was 1 m, and
the system was under simply supported boundary conditions. It can
be seen that the loss factor and the natural frequency increase and
the maximum damping regions shift to the left (with temperature)
when the layer number increases. It is also found that the optimum
damping region of the system with the 3M-ISD 1101 material is
around 50◦C.

It can also be observed that the natural frequency is relatively
high in the lower temperature region. The natural frequency de-
creases significantly with increasing temperature. This means that
the stiffness decreases significantly as well. For the chosen damping
material, the temperature where the viscoelastic material goes from
transition to rubbery or even into the flow region is seen to be around
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Fig. 2 Loss factor and natural frequency for setups with different layers for different modes (damping material 3M-ISD 110).

80◦C. For temperatures greater than this, the damping material tends
to become very soft or even starts to undergo an irreversible ther-
mal decomposition process. This leads to lower values of stiffness,
which can also be explained at a molecular level through a loosening
of the physical bonds between the long-chain molecules.

Effects of Layer Thickness
Once a suitable damping material is selected based on the opera-

tion temperature range, the design parameters of the system have to
be addressed. The overall thickness of the system and the thickness
of both the damping and the elastic (constraining) layers must be
selected. Both of these affect the damping and stiffness of the multi-
layered system. Since here only symmetric systems are considered,
a change in thickness always has to occur in corresponding layer
pairs.

For the following analysis, the overall thickness of the system
was held constant for each test. This might be an important de-
sign issue, since in practical applications, a variation of the overall
geometrical dimensions is often limited or even impossible due to
space, weight, or other criteria. This means that a change of any
layer in one direction causes a change of another layer, because the
overall thickness remains constant. The boundary conditions were
selected to be simply supported and the first mode of vibration was
considered.

In Fig. 3, the total system thickness was kept constant at 5 mm. The
setup for different configurations (curves 1–4) is shown in Table 1.
The normalized system stiffness is the composite system’s stiffness,
normalized by the stiffness value of a system having the same overall
thickness but consisting only of the material of the outermost layers.
It can be found that the distance from the thicker layer to the system’s
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Table 1 Different layer configurations (in millimeters) for the
analysis having overall constant thickness for a five-layered system

Fig. 3

Layer Curve 1 Curve 2 Curve 3 Curve 4

Elastic layer 5 1.0 0.8 1.0 1.0
Damping layer 4 1.0 1.2 1.2 0.8
Elastic layer 3 1.0 1.0 0.6 1.4
Damping layer 2 1.0 1.2 1.2 0.8
Elastic layer 1 1.0 0.8 1.0 1.0

Fig. 3 Loss factor and normalized stiffness for a five-layered system having different configurations (refer to Table 1 for configuration details).

neutral axis has some influence on the damping characteristics. Also,
the temperature at which the maximum damping occurs changes
somewhat in different systems, as seen in Fig. 3.

Thickness of the Viscoelastic Layers
To obtain Fig. 4, an approach was chosen in which the total system

thickness was held constant and only the thickness of the viscoelastic
layers was varied. The variation of the properties for a system with
an overall constant thickness, here 17.5 mm, can be seen. The setup
for every test is listed in Table 2. There were nine layers in the
system, shown in Fig. 4.
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Table 2 Different layer thicknesses (in millimeters) for the analysis having overall constant thickness
for nine-layered system

Fig. 4 Fig. 5

Layer Curve 1 Curve 2 Curve 3 Curve 4 Curve 1 Curve 2 Curve 3 Curve 4

Elastic layer 9 2.5 2.5 2.5 2.5 1.0 2.5 0.5 3.0
Damping layer 8 0.8 1.7 0.4 2.1 1.0 1.0 1.0 1.0
Elastic layer 7 2.5 2.5 2.5 2.5 2.5 1.0 3.0 0.5
Damping layer 6 1.7 0.8 2.1 0.4 1.0 1.0 1.0 1.0
Elastic layer 5 2.5 2.5 2.5 2.5 1.0 1.0 1.0 1.0
Damping layer 4 1.7 0.8 2.1 0.4 1.0 1.0 1.0 1.0
Elastic layer 3 2.5 2.5 2.5 2.5 2.5 1.0 3.0 0.5
Damping layer 2 0.8 1.7 0.4 2.1 1.0 1.0 1.0 1.0
Elastic layer 1 2.5 2.5 2.5 2.5 1.0 2.5 0.5 3.0

Fig. 4 Loss factor and normalized stiffness for a nine-layered system having different configurations with constant elastic layer thickness (refer to
Table 2 for configuration details).



HAO, RAO, AND SCHABUS 2457

To compare the effects of the layer position, the test was run for
a system with two pairs of damping layers, a relatively thick one
and a thinner one. Because in multiple-layered systems the position
of layers can be changed, a variation in the position of the thicker
damping layers was also done, showing the influence of the distance
from the thicker layer to the system’s neutral axis on the damping
characteristics.

Comparing curves 1 and 3 or 2 and 4 in Fig. 4, it can be observed
that the maximum damping decreases for the system with a thicker
damping layer. Another observation is that the temperature at which
the maximum damping happens changes slightly for different se-
tups. This is due to the change in the natural frequency of the system,
caused by the different viscoelastic layers in the structure.

Fig. 5 Loss factor and normalized stiffness for a nine-layered system having different configurations with constant viscoelastic layer thickness (refer
to Table 2 for configuration details).

The maximum loss factor η for a system having constant thickness
also depends on the position of each damping-layer pair. Taking
curves 1 and 2 or 3 and 4, it can be seen that the maximum damping
increases when the thicker layer is put farther away from the system’s
neutral axis. Therefore damping of a specific setup can be influenced
not only by the layer thickness but also by the way of assembling
the different layers within the structure.

When the systems stiffness in Fig. 4 are compared, an almost
identical characteristic can be seen for all four setups. This suggests
that for systems with constant overall thickness, varying the damping
layer thickness does not have a significant effect on the system
stiffness as long as the total amount of damping material is held
constant.
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Thickness of the Elastic Layers
Just as the thickness of the arramged layers can be varied, so

can the thickness of the elastic constraining layers. Again, taking a
system that has a constant overall thickness (12 mm) with setups, as
shown in Table 2, and evaluating its properties, Fig. 5 was obtained.
One can see that for a variation of the thickness of constraining layers
the influence on damping as well as on stiffness is greater here than
in the previous case, in which the thickness of the damping layers
was varied. From curves 1 and 3 or 2 and 4, it can be concluded that
the damping decreases if the elastic layer increases in thickness.

When the thicker elastic layer is arranged on the outside of the
system, an increase in loss factor in comparison to the loss factor
of the otherwise identical system can be observed (curves 1 and
2 or 3 and 4). The temperature for the maximum loss factor due

Fig. 6 Loss factor and normalized stiffness for a system with different damping-layer material setups.

to a changed natural frequency, as in the viscoelastic layer varia-
tion case, shifts toward lower temperatures. However, this shift is
more distinctive for the variation of the elastic layer than for the
viscoelastic layer.

The relative stiffness of the system changes for variation of the
elastic layers more significantly than in the case of a damping-
layer variation. Its value can be increased by putting the thicker
constraining layer on the outside of the system.

Influence of Different Viscoelastic Materials
A true advantage of multiple-layered systems is the fact that dif-

ferent viscoelastic materials can be employed in different layers of
the system to obtain a considerably higher loss factor over a wider
temperature range. Doing a comparison analysis for a system having
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seven layers with either one viscoelastic material (3M-ISD 110 or
3M-ISD 113) or two damping materials (3M-ISD 113 and 3M-ISD
110) gives results for the damping characteristics as shown in Fig. 6.
The outer viscoelastic layers had thickness of 0.6 mm, the inner one
0.8 mm in order to compensate for the fact that only one layer of
this material was present. All elastic layers were set at 1 mm.

The system with 3M-ISD 110 and 3M-ISD 113 materials in one
setup results in considerable damping characteristics over the tem-
perature range from 10 to 70◦C due to different transition region
temperatures for each of the viscoelastic materials. The temperature
range in which the damping layers are able to introduce a consider-

Fig. 7 Optimization of a three-layered system.

able amount of damping to the system is significantly expanded in
comparison to a system with only one damping material in its lay-
ers. Therefore the system is able to serve over a wider temperature
range, which significantly increases the number of applications.

However, as can be seen in Fig. 6, the loss factor value is not as
high as if only one material is used for the damping layers. In setting
up a system with two or more different viscoelastic materials, one
therefore must match up the different characteristics (peak proper-
ties) in order to get an overall system that has the desired property.
The change in stiffness over temperature is shown in Fig. 6. It shows
that the maximum stiffness value is almost unchanged.
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Results of Optimization
Simply supported beams with three and seven layers were consid-

ered as illustrative examples to implement the optimization proce-
dure outlined before. The damping material used in the system was
3M-ISD 110 and the reference temperature was 45◦C. The Young’s
modulus and density of the elastic layer material were 210 GN/m2

and 7800 kg/m3. In the initial design, the thickness of the elastic
layer (hi ) and the viscoelastic layer (hci ) were 1.0 and 0.8 mm,
respectively.

In the three-layer case, the initial natural frequency of the system
was set to 33.8 rad/s. The loss factor η was 0.4157, and the mass was
1.652 kg. The optimization results gave the optimized thickness,
h1 = 0.9 mm, hc1 = 1.3 mm. Using the optimized thickness, the
natural frequency and loss factor became 35 rad/s and 0.5485. The
mass changed to 1.6 kg in the final design. The results indicate
that the loss factor increases significantly and the natural frequency

Fig. 8 Optimization of a seven-layered system.

stays in a similar range to the original. Also, the structure becomes
lighter than in the original design. The variation of the loss factor
and frequency of the systems over temperature are shown in Fig. 7.

In the seven-layer case, the initial natural frequency of the system
was set to 47.95 rad/s and the loss factor to 0.7421, mass M was
3.38 kg. After the optimization, the configurations were as follows:
h1 = 1.1 mm, h2 = 0.2 mm, hc1 = 1.3 mm, hc2 = 1.0 mm, f = 43
rad/s, loss factor = 0.8334, and M = 2.4 kg. The variation of η and
f can be seen in Fig. 8.

The advantages of the optimization procedure can be observed
from the two example problems: The final design system loss factor
is increased significantly and the final structural weight is reduced
while simultaneously meeting all performance bounds. However,
the optimization will not significantly change the first mode natural
frequency of the structure; this is very important in the structure
design.
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Conclusions
In this research, a comprehensive analytical formulation to study

the vibration and damping of a multilayer beam system with vis-
coelastic damping layers was developed. The vibration characteris-
tics and the effects of damping layers were calculated using a numer-
ical method. A procedure for carrying out an optimum design study
has been outlined. Maximizing the system loss factor and minimiz-
ing the system weight are two main objectives that were combined
into objective functions using the weighting method. Constraints
were imposed to make the system satisfy the configuration and nat-
ural frequency requirements.

In numerical investigations, the change in damping and the de-
crease in system stiffness over temperature show that the influence of
the ambient conditions, mainly the operating temperature, is signif-
icant for a system’s damping and stiffness performance. The thick-
ness of the layers has an influence on the performance of the system.
A thicker damping layer is generally able to introduce more damping
to the system. However, it also results in a loss of stiffness. When a
multiple-layered system is assembled, the order in which the differ-
ent layers are assembled within the system can be selected and this
affects the properties of the system. A change in position, however,
does not cause significant changes, unlike a change in layer thick-
ness. It can therefore be stated that the number of layers, the thick-
ness of each layer, and the position in the system are all factors that
have an influence on the damping properties of a system and can
therefore be varied to obtain an assembled system setup that is able
to achieve the desired performance under the specified conditions.
It is shown through the example problems that a significant increase
in loss factor and reduction in weight of the systems can be obtained
by the use of the optimization scheme proposed in this paper.
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